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The present article deaje with optimal cont ral 
precescea with Limited phase cesrdinates and in=- 
ciades « derivation of the equations fer the af 
eatremaig of the ear Pee peu lng problen. =o the | 
@alculus of variations, — 


" Antredust! aye 


ere ee See re er en ee Te ee ee ee re cr ier ery 
RA ah ato RY hh HR gO 


The Mack atta Pringi ple a& applied to sia: progess 
theovy (see refs, 1-6) makes &¢ possible te find the ex- 
 tremais of the fellewlng problems in the exloular et ward 
: ations, . _ ; 
Let’ the vector funetion _ : es I 


ER, Wd = CER EMR) 


in variables x. and LA Be defined and eontinugus aver ¢2 e 
direct product | ee 


: (FB wrEX". “LL , EX", Edy, 
vi 
: where X fe the n«@imene icant. phare Speeoe ef the pr rebtinly. 


mt 46 an arbitrary Eowgderft tesclogias i apaee (€ the RPASE | 
; #f pessible values fer the control B soiicecich cll tio Bho Sanet lens 


seer ree te 


pant *91 


atari z a fee 


rs ee Soy eC re a eto re. io) 


pip 
PAS) are aecuned to he sontinuousiy ait ferentiable fox 
ail coordinates GE vector XH o 


Let the equation of motion of the — point have the 
form | 


% tu) 7 7 vr 

: mee a <H 

and x" contain the Cas eiven’ ueikie €, 4 e a,¢ Se ava ver. 
quired to selest from °a- clasa of permigaible controls 

(such as the class of nédsurable bounded or piecewise-con~ =<. 

tinuous controls with values from [) ) a function u(t),cere & 


such that the corresponding trajectory x(t) of eausnte> (0.3) 
will egonneet points es o g. 


A (t) : g, } hie 2&8 


. te 


¥ 


and the integral a 3 
F260), rec oe aa (0.2) 


aeeunme mininun ew, (The #calar function LG) satasties 
the same conditions se the functione f &,u.) 

The Maximum Principle is stated in Part 1 ef Section 
3. The space of possible values ‘)} fer the control parameter 
can in particular be @ Glosed regign: of the r-dimensional | 
space pt, the get of possible values for the phase point 
xX must éerrespona to the entire apace X", since the Maxl-— 
mum Principle ceases to apply in tha contrary | case, 

Nevertheless, the case where the set of possibie . 
values for the phase point X is & closed region in >" with 
@ piscewlaese-smocth boundary is of definite importance in. 
actual epplication, 

For example, the ¢ase where the class of perniss ible 
cont rele ulth RCE” conetetes ef continuous plecewize~asnooth | 
controls with a nodulus~restricted derivative reduces to 
this preblem, And indeed, regarding uin this case xe & De 
phage variable and taking af the control paraneter the de~ — 
pivative of u, we have instead of equation €O.2) the follow~ 


ing system: | ae ace ie 
oe 


where ¥ ie a. pievewise~-continucus SGuatton, while « portion 
of the phase. coordinates forming the veotor a does not cone 


Bae we 


feow the region’, 

The pregent pawar containg the reoulta I Stat mak - 
jn thas area in 1.8, Hontryagin’s seminar on the theery ef 
egegiiationg and automatic ¢ontrel, ge 

Barider, in vet. 7, these results were formiuleted | 
fer the especial cas@ of optimally rapid eet 1 5@6¢ where 
the eubintergral functiva La) ef €06,2) tl. 4 

fhe bhewieg result ef this etudy is formulated in | 
geetion ¢ in the ferm of & general principle fer finding ip 


% 


ontiwal sontreis asd optinal tragectorias, 
Gf the earlier papers on this subject, I should 
point out those of A.¥a, Lerner (ref, 8) and Ye, #, Bomsnan, 
dy SSSt ens ut, SF the Peobion: 
i. Bas te devinitiones Let f), be ark arbitrary set 
in the vedinens lonat Linear space 


oY {. 2? 
Eo: = pus fe ean 16%, 


By the Glass of permiesibis controis we will esig- 
hate tier set OF oil plecewiee-continuous, piecewise~anoath 
yvyeetor function , : 


CAE AGE) parle) ) , 


with first-order diesantingities éatermined SVEe BT arbitvary | 
gegne nt Ea teC, ef tha time avis en tak cing on values from the 
get iL @¢ each moment of time; the fusctiond in thie set wait 
be caliog permiasibie controls, | : 

if the segnentse determining two permisaibie eat role 
do not colneide, we shail eensider them different ever if 
one of the gegnents is contdigsd in the other and the contro hs 
coincide ever a amalier segment. — ) 

Heneeforth, we ghali apgume at ail times that the | 
value of central u(t) at the point of discontinuity J’ is 
quai to the Left dimsti 
wT) alr), 

| | tt 

in the n«dimensional pheve SPREE Ko 27x = (x', 8 7 
et the optimal problem goruulated balaw, het there be given 
& closed region B with a smooth boundary, determined in. the 
nodghborhoed of the boundary by the inequality - | 


ae i 


a(t) = ale.-, ee t 


where the scalar function 2) new ecoatinuous partial dexd= 
_vatives in the ce of the boundary 4%) = cO, and the 


veotor 


Ea grad gn Gr | Be) 


On 


does not go to zero anywhere on the Gesgaces: 

Thua, the boundary of region 8 is a regular hyper~_ : 
surface of the gpace FE" with a continuously changing curva- 
tures, The practically important cage of a region with a 
piecewise-smesth boundary automatically reduces to. his 
case (see seetion 3, note 3 to thecrem 2). 

2. Statement of the problem, Let the real scalar 
functions La), fe Ku), vet,...g ss he Gontinuous and — 

continuously differentiable with reapect te all of the 
coordinates af the vectors XA on the direct product . 
BF >ES , where B* ana {)* are open sets fron E P 
contianing, respectively, 8,14) , 

Let the equation of netion ef the PERE env ere yoLnt 
X= (xj... 4 x") have the normal form 


fe, u) AD 
where | | 7 | 
F (4) =(6 bean, ent Yaya 


lf in the right member of equation (1,1). we vaphace 
the argument u with a certain permissible eentrol ult), 
then (1, i) becomes an n~dimensienal weeterial differential 
equation, and, setting the initial value x(¢,), we obtain x 
single~valued trajectory *{t of the equation, which corres~ 
ponds to the chesen control w(t) and is determined over a 
gertain time segment, : 
The basic results of the eoeient study are formulated 
tn theorem 8, section 4 and consist in the determination 
of a complete system of necessary conditions which must be 
satisfied by any regular trajectory of equation (2.1) and. 
_ the corresponding control, which provide the solutien to _ 
the optimal problem stated helow; the soncept af @ regular 


ft 


era gectary te defined im sections 2 acd 3, These necessary 
conditions are presented in the fora of a system of equations, 
apd for thie reagou they are naturally called the Gut renmas 
ecantions for the optimal problem under consideration. — 
Foruuiation of the optimal problem, In the page 
SpAce. £2 these are giver te pointe EE. belonging io the 
ecloared region B. Let ua designate by JE, Ba) the get af 
ati permisezble aor’ rele alt) t,4¢¢ t. having the 
vroperty that the trajectory Z(t) tee ct, of equation (1,1) 
corresponding to the cogtroh ult) eu fe £44 C4046, : 
eonuests the pointe SS poe =) (o.38 ie ¥hr}s seek ies compLetely. 
within the olesed regien B. EFrem the wet ULE eve are reo 
quired te select a eontrat u CK} C,4 GE, to minimise 


the integral ‘ “ | 
LR), aNd aay 
a “A J WAL if My Ci, 3) 


where * (i), CaCétlis the trajectory of (1.1) corresponding . 
to the control ufry tC, 4 Fe Oy . a _- + 
Fhus, for ariy ether control rir), <= rs C4 i 

frou Ue, Eand the corresponding trajectory % (t), t.20a by 
we aye: a My | 7 
Ci fete uceyae & foe (t(ey resale, 
ve Mes ie (} 
bt 3 
Any control whieh satisfies the conditions embodied 
in the probiem formula ted above will bes ealied an optimal 
control; the correm ponding trajectory is % he optima? 
Sea {eet ory. | : | 
Hote i, Binee the permissible contr@i can have die- 
continuities, it is obvious that if the contraz il) | bE, 4cel, 
a8 optimal and has a corresponding optinual trajgectary . Eee 
# (t) C,.4¢% i , then any segment af the optimal eeaqectory xO 
4g aieo ontimat for C,4 * &Cy where C&C, Ca é fy 
and corresponds to the optimal eontror wh) (360 = Cu, 
| Nete 2. Since the right monber of equation ¢€1,22 
does not eontain an explicit expression for tine, the set. 
UGE.) 4m addition te the eontretl vl}, £, a C25, alge con~ 
tains the control ny (e}s ultet } ik = te C.-T », where a fxs 
arGitrary . | | | 
ge L& wel, then the inmtegrai (1,3) ie equal to the 
GArlerence tty 2 dees the time of passage frou position 
et to position ia ig minimiged and we have the eptimaity » 
rapid probiem Cre. Fs | 


an 


Henceforth, the permissibie control and corres ponding 
trajectory will always be aggumed ag. determined on one and 
the sane gegment of the time axis, For this reagon, this 
 gegment wili be ingicated only for the contrel ox the tri 
 gectory. All ef the solutions to the difverential equation 
wiki be aggumed to be continusue, in the most important 
formulations, this continuity will Bonet ines he nentioned - 
explicitly. : 

3, & seaond (egnkdaiensy. formulation of the bagic 
protlem, Let ua give a second (equivalent) formulation 
of our optimal problen which is more convenient for. ‘the 
purposes of subsequent formulations and proofs, 

Let us introduce an (ntl}<dimensional phage space 
- yet » whese pointe, in centradistinction to these ez Xx" t 
will ‘be designated as follows (without the baz}: 


Hee (KP) K1 KM )= (x° xe —. 
where | 


Ks GQ, mV E 


The phase space x wiki henceforth always is identi 
fhed with the subapace %°2 O of space KN*! 5 wo kat 
= (6, x)= K . Any function Pox) whieh depends on the 
a quent a KM can be considered a function ef % < (x? 2) 
determined by the formula. i 


P'(m) = Fo, x) aa (x). 


for the sake of synmetry it the subsequent formulag, Let ue 
introduce the notation: . 


ile uy = 0°, “en £® (ops ,w), 
Sit aye £ w= (Fo HK a), F Caja) ers FR) | | 
= (£°(, a) F&,4)), : (1.4) 
where the veetor ta, uw )= ER, ea al CUNEO) ee oe 
fined by formula (1,2), Let us note the fact that the funce 


tion £(m%,u) is sop aagierets of the coordinate *° , and tha t 
4ts vaiues lie within K"*\ , 


By G let us dsnote the preduct of ‘the closed region 
by the axis *°, The regien G, just as B, ia given in the 
neighborhood of ite boundary by the inequality. 


gk) = 9S £0 


while the boundary ee umatie ax ts acca, 


6 


| mC) =O | 


The region G@ hag a regular n-dimensional boundary of COs: 


téi.nuscusiy variable eurvature, and the vector 


8a (X) fo. 12 “aa \ 
a qiad a(n) = (Se je ys an) = 


ey aes ee “Aaa \y.. £7 . 
- (0,5 Sa in) a OO grad BX )) 
dees not go to sero anywhere on the PoUndary « 


ret the equation of motion of the phage po 


have the fort 


“, * PON, w) 


int %> (x° my 


(445) 


Thig equation cbwicuely combines (1.1) and the 


relationship 


ra 4 were d ie , 
ee (4 (Ke), 4 (0))ae 


Cs | tooth 
ao oo om Fam. * y ; i Pe es 
Ty each Gontral (tb). iF ans fC hy $m ¢ha set ‘a {& 3! ) 
€ 


let us append a trajectory 
ma(e) = Cert), Re), 4b SE 


ef equation (1,5) with the initial value - 


wits 


ca : te % ee fy bs 5 
KAY LOE}. 


(2,8) 


where x{c),<, SCet, te the trajectory of equation €2.2) 
gorrespending ta the contro u(t) with the boundary values 


wah several worth 
x(t) e& prs 
1) E ; & Ex) cE , ; 
Consequently, the trajectory RUB). b 2 OS Cn 
within the closed cylindrical region G and 


m (tz) = (x°(te), Bs ye 
| C2 , 
x’ Ct, < : Sealey ula, 


where 


lies wholly 


; She ~ . 
Thus, the bobs olf) of the trajectory nit ) Lies on the 
direct tT from X“", gassing through point (0,8) end parallel 


toe the axie x. 


| Conversely, if ult), be Cs C, 40 an arbitrary 
permissible control with a trajectory x Ct ) ef squation (1.5) — 


with an — value (1.6) and end point heen on the 
direct - , thea a(byep(e, & =e 
* ley af these consideration, our problem may be 
formulated in the following manner, 
| A second (equivalent) formulation ef the optinak 
problem, We are to find a. permissible contrer ult), 640602 
: auch that the endpoint oy (ed of the trajectory ot equation 
(2,8) with the initial vaiue (2,4) ties on the direct 
and the coordinate x6.) 4e ninimum,: while the trajectory 
% (tC) ities wholly within the cleged region G, 
Such & oer nna will SLBO be called eeyeres 


ae Sptimal Pea jectorie g eying on the Boundary 
of 2. Region 


This paragraph catains a proof of theorem 1, weiech 
givea a complete system ef necessary conditions satigtied 

by any veguiat optimal trajectery lying wholiy on the : ‘ 
boundary a(vwOef region G, The concept of a regular trajectory 
iving on the boundary of region G ia defined iu paragraph 

i, 

41, Basic definitions, Let 97 (a Pe Pw) be & 
covariant vector of the space The basic role is 
henceforth played by the scalar function H(yxr) ef the 
three vectorial arguments i he pA yg aefined. as ne seaiar 
gereduct 3 


H (1m ue Ye § G4) = ae “Grea 


es 


where the vector $6 au) ie given by formula (12.4). (Scatar 
wait ire tear c ee | will henceforth be indicated by meand @f @ 
geint,) 

If we hold fixed the avguasitey® and vary u over 
the s¢¢ YY, H hecomes a function of the gingls argument u. 
The precise upper bound of this functiow (in the ast .} > 
will be denoted by Mie): 


Mee See HG tow) _ — 


Let us introduce the wmetatians: 


OH fOr “DH are feo 5 ow 
36° * SO, “TE ns 7 (t HA), 04 a3) = £ 04,4), } 


ah chy an : 7 . 
es, 
CH oH DH - oO : ( 
ee an tc Parse or \ w, ry | oH 

ork ( Re) Sx f +n) ( A's yx. ree \ 6808) 
ch as ae 

a EE ag J 

Ou CGT NS eps 

GA 


— sony cep sminathae, AY, 4 


a: SHC Dy | - (244) 


Let ug consider the Linear honogenvous eavolsen with 
respect to Yr . 
(2,6) 

Equations (2, aiataees jointly form a “Hamiltonian 
ayetem with Hamiltonian function (2,1), If w(t), wm (), u(t) 


ig os sae Ke solution of equation (2,5), where u(t) 
= (Pott)... - Pnlt)) » then Baha Since H ig independent of | 


x® ¢€see@ €2,3)). 
By analogy aka (2, 3) Let us introduce the definit ade dea: 


— a £ Gy, oF 3 4H) ps “wy, is | ) 


Welt) Me oan aon) 
prasg Ok y 


Ob (%, u dp 
Din) oh ugh. ) 


Sa 
ee 


where a): 4s the equation ef the boundary ex region a 


(see aeotion i, patagranh 3), | | 
in erder igor trajectory x(t), t, £eo& wr ef equation 


{1,5}, corresponding to “Cj, to lie wholly on tha boundary 
6 ( }= .O , 14 am neceasary and sufficient that 3 


p 0% Ce) ), a(t) = c,.¢ “t =Cs & ei 1g (wl)= 0 


The potnt «6x Y walt be er eapiiain. rere $a. 
point ull, ‘provided that the foliowing Ssunditions are 
‘gatiafied: 3 c 
2s b(%,, M.)29% 7 : _ ) _ 


2, OO s,s) 7 9. 
Ou pe | , 
3, if u, is a boundary point ef the set + , then: 


44 48 poasible ta find n RE eeoes ty! differentiable scaker 
functionse 


(3.7) 


auch that the aet AL in the neighborhood of point Wy 
£2 given by the system of inegqualitiss 


Wi fra) 4.03 eeeery 24%: (u) < = 0 
while in point u, itseiz 
wMde Fasta)so nes +o 


and the YBCctoara 
Ce Ma) O4 


ie fe ie 
siaeccati ee - ; x i, UA a fs t 
de erga =) cad Ge (u, Die aD, = . (2.8) 


2B sehdiaiieie _— 7 = gird gs Cu,) 


Condition 32 Dee be considered a, special G&sQ Of axe 
aqition 3 af we sets = 0 in the. Latter when u, is an inter~ 
nal point ef the set ai. Thie we will. at henceforth, 

Fhe geometrical significanee ef condition 3 consists 
am the fact that in the neighborhood of point u. the aet l- 
1s & @1e0sed region with a Piscewles~sguoot kh bouncer: while 
the €r-1j-dimensional oounda of the region ere gmooth hyper- 
aurfaces of the space © , located in general position at 
the point ef iatersection of u_; point Us iteGlfi liege an the 
(res }-dinmensional smooth “ridgé" of the boundary, defined as 
the set of solutione to the ays tom 


4. (ada, 2 Ysa) =O | | Bg 8O> 


lying near point U,. This “ridge 4s located in the generat 
vicinity of point Wy. with & smosth (reL}-dimensionsl | 
hypersurface, given in the metenberboba of oe ba mae the 


LO 


x ad oa ae ws aig Tae ut ie Vaasa a ee ee 
ecuation POG, 4.4 Bee Hote at bottom of page 22,/ 
Nate, Using the concept of regularity, wa shall now 
Le 3 etioan which wilh be needed in 


ously differentiable 
seaiar funetion ef the scalar @ 
aoalar parameter “Wo, and Let KCK ha Boge me, 4) : 
if the point %, is regular velative te mele 
ea system | 


“, fa x " base x * 7 ra cs < e 
; . i ee : 5 ae ee ein, 9 Me. de 
( : u 2 : A é A - a : if % J ‘dh, ? = > he w es f i oe aii é si 
» + 


tg poeotlveble relative to certain eth gooerdinates ef the 
yeeteor u near point (4% ,,4%, HO) 4, For exangple, velative 


HN] 


te ths first s+1 coordinates: 


a fs é i “Foy ois ‘ ‘ ; rt # ge 
. ; F = ‘ a i ek “ Fd \ >» Kaos. 
reo eg Le (22S Gs Pipa, fase ha 
’ - 

+m, 48 ® we 7” Re ok Ly 4 we ie « = we . wtih me yee oe ug * ” ” ts 

Aero wis EFGNCTIO“NS 2.0, & 21 cee p SB eG ave CoNyi wuous A 
Na 2 ar 
“ ape ai * a as rs Fg c ayy oe v1 ‘ewe £3 

digfgter ent la Hie with res pee s Oo a@ihi a Arte ik © My C8, Fubatite tine 


a, 
a fast oa 2 a ‘e * rh. 4 ” ie at My wa & 43 4 : 4 tates F 
(hase funetione in €1,5) in place of meparmetersg 4) wri, 


* 4 
ra Lae eek ee 2 ; 4 nee 2 


je , 
Pid “ e ‘a wen wh : i % . 
eo € ryf ; & te 4 tgs Oa? * 
ad Lv 3 Pars ! 4 % éf f J ” e 5 f Boon gy rs +. 
FR a oc (2,123 
bs ¢ : be x a : t t ’ i, Bed yp atew Pd 
- og Bat g ey BF i « 
tap = %: { < 
4 ‘ : ve? as etd 
x 7 . * ana i a Sig : . 
“eg. es i Says &. * : . ee ee ea Fontes Pees = a af “1 wy ey ig a 
; 4 2 a 29 “sates a? : 4 Li é ‘ oa ae TA. a Sf 3 ve t fe ae nena wt b ee ¥ aah aes a &4 wy ste See a 


= a 
Gontinut.. and pa Leosvie ge meokh functions wath values Lying 
near tha worresvuonding CE SKALMAEaS : ete ap Ge eilka 3 
Let is donwan 

eolution to the resuiting equation with the initial value 


& 
- 
* 


ae oe a ee , 
tute them inte (2.11) and denote bye loc) Al the 


entize cccahk ea he Ch ee Gon. Fd Su pea cieaey aay Length 
of stgment T.-C, ia the trajectory ae equation (1,5) which 
ct as 7% 


’ f 5 a “, ‘ wf ge tg 7 i uy * Sofa, - ‘ deg 

’ Ree ae 6 ek ? ’ | 3 ae ad 

? sie e r Zt Hy AY é _™ w, Pst Xo fe rf eB. ; “4 iam + 

he keel dey ek, h, peer ‘ i a : oe 
tA % Se f on“ : mA a ye Mee f i é f ; z ew ie % o f ; oF : oa 


Pl 
a ‘ . * 4 oe tad 
te f af ) a, 7 . Hore ‘ tee. 
Paes * if ( tC} : aah Z uot 3 a ¢ alias aa = a € 
: : 7 : : y Been: 5 
Toe walues Of ult) Lie near u,, the values fits == 
Gav £! 4 
= ¥ *, * 
a a ae 1 ole Fj, 44 ae © i ry © Ux a 
wf the oseint 7, lies on the boundary OAT ‘ 
- : . “a oe 2 a ee . ee ae A 
the trajeetors i fo. 0 4 "a -, diese dies om it, simoe 


ie 


4 7 ‘inied é , : a 
4 f- i “ 4 tye bs dew aad » ae 4 c 
< 4 2 oe ,, iv 7 BA: 5 tow 
: \ Be : ar A Fi # 4 “ty f Foie a t i “4 *< \ my 3 \. é 
7 


Let us denote be”, the set ef these .S 3) relative to 
which the point 2» is rerular, Phe set aj Can turn cut to be 
amupty,. | 

The trajectoryx(), ",2474 7, af equation (1,5) corves~ 
panding to the control u¢t} and lying wholiy on tue boundary 
£ region G will be called reguiar ¢f6(Qib.agid) at each 
point of continuity t of the control utt); £7, on the sther 

and, ig a point of digeontinkity in the control, then 
it if reguired that 


ct 


EA ee RS ely dee ee ao 
Pye, Aare 1» bem ed EMLED pe 
Boo "9 é 


. 


iny optimal trajectory lying on the boundars aC eer 
And at tue Sane time regular will be calted a Feguloe cotimeL 
ERE I Reto. 
Far points 4 lylag on the boundary ocx) 02 region G 
fer whieh 0%) is net eapty, Let us define the extprersion 
vig ,W/ by the equation 


ai ie eee i ee 
r% a : hod i fo ' Day ie { . es Ne a eee 
t ‘ . a og 4 . “ . ' wt 3 {2 : + ty ) 


2z — @recuiir point in the boundary alM}*O relative te 
the pelayw uit, and in the potnt’ ey, AS where veotor W is 


ep aeese 
t is : » 2 . : : : _ 
re x p? 4 x : tie 1" D : wg’ s 
ae | 4 oF A é eh Ys wr é > 


then accerding te the rule fcr Lagrange multipliers, there 
exbot Yeni nome Yo a er 0 SS tz that . F : 
A ‘ “< may - Bi ‘ 
“if £5. Geek Ree 2 “6 0 pala 
= ULC #, sh ~ Fa Ata ee ths ie ee 
4 mes rf % * * ai ey re Far 42 ha é2 & i i } 
ae Pe aaa | : 


where “ay ocl..,f are the functions (2.7) which play 8 

DARL 2a thd a@linition of the concept of regularity, Gene- 
vakday Speaking, all ef the vs do not Simultaneously go to 

3 vu is a boundary point of the set J? (saChair u is 
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Vie. ee cr ane oc. ae Raf ple} Meroe iow ¢2.4) 
mie pe eg rake Se Pes yy AGi gd we “es 
where the volue of Mile, 3 is given by formula (2,23, 
are gatisfied on the peace GC.4 ta C2, 

The Maxinmun ete poet hojds in the case when one or 
both of the ends ¥,/ 0, Wt.) OF the are SSCu OT, lie on houndary 
a a Oe 
ghdep eb ee or example, ‘Let Oniy the ini tied pointn (iat the. trajee- 
tery lie on the boundary. Then for 6+ 8 4.7457. pees 
a portion of trajeetery “*/c;) Lies in the Scent kerne art 


paras G, and consequently there exists a functsonwe & 


cao “whieh eatisfies the requirements ef the Maximnun 


a ee 
‘Principle om the segment (+o ere. , For the family of 
fun 1etions We it) ap GG» there exigts a limiting function 
eS ae on ae me - * 
wT Dye ee which will be the ens that is sought, 


i 


oh. 


e detailed vreerl ef the Maximum Princinie is 25un4 
in wet, 6, She basic rohe in this procr is ee ea by the 
transposition. construction alene the optimal trajectory 
wid tecéc with the aid of the equation in variations 

Qe "o & Cyc} yu fe}) 9 | 
G Re = oF ty €3,4) 


for equation (3,1) and the sconstruction of varied ecentrsis 
v*¥¢t)} and varied trajectories y*(t} which differ little from 
optimal control uft) and optimal trajectory (by ‘ 

ii the fundamental eystem of solutions to equation 
(2,4) is denoted «as 


ae S38 fe : i- a rn 
aes rie a, are, , 
vs Woe pees F Y C} } a _ La, 
the vector “a : . 
me ‘ oe Ss ¥ . 
; : on a, ie” i 
Oo eee SS Male oC a: 
A owt 


given at point x(0), after transposition along the trasectory 
to point Y(t} with the aid of equation (3,43, passes inte 
the vector pe A 4 bk eer. 
tc," fe. pA Sort Pe ee Se 

he congtructions of section 2 represent a complication 
Of the analofrous t¢enstructions in the cass under considersne 
tion, since in seetion 2, in addition te the satisfaution 
of equation (1,53 we aiso requires the fulfiliment 
foLrilowing equality: 


™~ - 
ez the 


i i : ‘ en 
\ ., ws ei c y . An im a ot hg 
tale o out ; ; Po Fi 
’ ig we discard this las : 


t equation, eysten (2,34) ha» 
comes the gingle @quation (3,13, while the etduation 
variations €2,38) for the system (2,24) is replaued oy the 
equation in variations (3.43, | 

in accordance with thie, in place of cones (2,453, 
(2.56) we obtain cones (3,5), (3.6) with apexes at point 
Hf (tc ) 3 


: $ i 4 2 t 
Woe eth ee Ot we s., (3,5) 
tte “  t } 
K ~ hu (ed es Cal ae S56? 


: AF ; 
where the veetor c¢ is defined by the formula (2,7) which 
i8 analogous to formula (2,60); 
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ceed e 4 oe 
~ & ~ ~ Ml Caer : ; 
é es r- ‘ - ye ¢ +o 
ol cy eee a? oats Poof ws fete fe esa ne € f - buf f fe ‘ : i 
‘es: Ty my L acs Lik yf a: ea ? : AE aie : } = ba is 3} | 
md i= h - 
re pt bie VE RT 5 * Be ‘fs }) 
“7 a tet / a } 2 5 ( tye: % 
ae Y of ors 4 Mu 7 7 we a 4 ae he f LA. 4 3 } * (3,7) 
maf 4) 


The proot of tse Maximum Principle Lnvolves oniy 
cone . eorresponding to the AULL initial deviations, Cone 
oa wilk be needed in paragraph Se 

As proof of this point we shali one simple lemme 
whieh will tbe needed in paragraph 3. 

Lomma. Let % iC), bi é re Uy, be the trajectory of 
2c nae {1,8} lying in “Ele closed region G and esrreapoendinoer 
to some permissible control, and Let 0) be the only point 
x 


in, the trajectory Lging om the boundery a (wi) * ® of regien «, 
Fk the yeetor anelo,) 4g not tangent to boundary ale) > “S at the 
poudnt xt) an mad is direeted into ee G, then the varied — 
bun agectory y(t), € ~40& th 4th the initial value 
Spot eh whoeoly is kee epan kernel of region Ga, 
Froot, We have: Oe 2 ek Pier ey | 
ee) zo Ley & CE) CS AMSEY Cy le ye a Ob 
y \ i i <= ft )+ oo ta eet 7 is S rt ? as uw ed bai 
Consequently, for sugficiently small coe the ekpreséion 
. 5 St Fe esa y's 7 Coy “7 (tj a ‘ ne ? be ; ee (« F ree ¢ fe f. fe: 
{4 fed) = oy RACH + ey dnt Yen dene on Be Lge ie 7s, bys Ly 
“ 93 ard 
has a negative value, Indeec, fer vebhues of t cans SG Gag, 4 
hia follows from the tmnecuasities 
a, ae: C } \ oe Pr 
A bo : / i ss ew ee Ld 
oes 


f 
Fer values of t far removed from ty, the vaiue of be 
£6 moch greater that | 
le Mg0Mie , Sy (ep + OLE) | 
\ C. Re Nh ve 
while 


s, i F 4 
be . fare 4 © ¢, j Mie Sok ja a ~ £. 

2, Bagwic darinitions. Let wot} Dyna Coe O, 
x 


be a permissible contrei, and Let : 


i an 
Hit} be the corresponding 
trajectory (mot necessa vily eptimel} of equation (1,5) Lying 


wholly in the closed region G, Seme portions of the trajectory 
may jie om the boundary of region G, and some within the re~ 
LON, i ee in the open kernel ef region G. 

Point x{e)} of the trajectory lying on the boundary of 


yegiouw u will be called the JRRELERS BOERS pFovaded that 


ATA & 


bac/e €, ang there exists a G > © such that at least one 
of the segmenta of trajectory w(t) lies in the open kernel 
eae Yegion G for t-msT or ret<a mre om, Henceforth, 
fer the sake of rigor, we shail always assume that the 
portion of the trajectory for which tT-r42U¢C Lies within 
region G, Time © will be called the juncturs moment. 

We shall consider trajectories with a finite munber 
of gunction points without mentioning this explicitly on 
each occasion. ; | 

Trajectory wft),0,4¢C, which lies whohly in 
Closed region G wili be called repuisr if ali of Its portions 
lying on boundary AW)=C of region G (sea section 2, para 
graph Lj} are regular, 

Yet us assume that uict),o,420° eC, is anu eptimal 
control, and that x%(ft/ ,b.4£t¢04 t, 46 the correspending 
optimal refular trajectery of aquation lying wholly in 
region G, 


~ i Pee fn? ous sf bes 
Let Wit} be a junction point of trajectory mC), G40 ¢f 


2,8 
Let us denote by TT, 40 40, the maximum interval of 
segment (,4& C& t, containing the single juncture soment 
z | 


Thus, a portion of trajectory xfer) Lies in the open 

kernel of region G for U, 40 «+ ¢; ag regards the segnent 
fer (cat <a C, , it lies wholly on boundary: 5 OX eC ox 
21.80 belongs t& the open kernel of region G, and then 

wf) Ag the only noint of that seenent of Mik) T2ber, 

which Lies on tne boundary of region &, 

Consequentiy, the gegnent 7 (t) 7, £b 4% satisfies 


the Maximum Principle. The non-zero function which corres= 
pends to this segment, 


yrds (PMO, FTG, T,4ber 


is co ontinuovus and satisfies aystem €3,1)-€43,3)3, Segment 
Mito CET, satisfies either the requirements of the 
Cif At ijes on boundary «(y%)- C >, or the Maximum Prince: 
{if it lies within region G)}, The corresponding continuscus 
function 


phe) = i ijde tee. 


ae 
vg 
& 
KS 
fend 


€3,93 


Satisfies either system (2.14)-€2,163 and conditions ajc) 
of theorem 1, or system €3,13<€3,3), 


4 


We Ghall say that at junetion point wo) of eptin 
rajectery Wik} t4¢6 C, Lying wholly in the 


yerular tr 

closed region &G the jump condition is satistied if here. 
exists a segment ® Lt) ,t <tr +T,ef the trajectory such tha 
t,< toti is the manwimwum interval of the segment 

t,4, OC containing the single juncture moment O » and if 
foe the seem sents 4 Ut), wt, 464 CT yy LED, (Tere TL the 
funetions €3,8), 63.9) defined above can be #0 cheesan that 


one the el the two following Cincompatibie) conditions is 
aatiafies 


ere 4, 


ca were i & : celia iad ; 4. : 
; : > } % a % LO} 


{ weer fH z { “” f * fue bb ow if fs. 
LO po a rea VON hp eee “4 xb ‘ 
ee ee a ee (3,21) 


+ | > & fx ae ‘ fae — . 
where Al die a read mher, if the segment iti, rec ot lies 
Cn boundary ace » then condition (3,10) is equivalent 
ej “tuue* 7 
te the condition 


ginee the initial value WGjoe the function Writ), Te res 
ten bea changed into a random vector of the fe : 
€ges note 4@ following paragraph 1). ‘ 
2, Theorem 2 € the fumn eondition}., Let a perular 
mal tragsetery ef equation (1,5) Lyin 
on G contain a finite cs ef jJometion points, Vhen 
the dump condition is satisfied at each junstien point. 


“pn ¢ he passes Fam 4 mora te Bey 
Sy aaok . es ein? 4 pre reo ales 4 he am ontimad 


ig Be” ee ae | Oe 
YaJEE etery, % (r}<- the eaorrestonding G@ptimal trajeetaorv, 
nee) w~« @ Sunetion point, and OG, 40 20 we oe vues nawiaum 


fs 

é “The. 

interval containing the single juncture moment ~ » For 
a, % 


the sake of rigor we aagume thet the sexuient Ribas ake 
SOuUNnGaxry “ % = © . Point Kil, ; can Gither lie within 


eo 
A 4 


egien G of of re boundary, We shail assume at first that 
“fc, jlies within G: im this case, it is @ebvitus that cre 
" Let us intreduce the equation 
m ’ 4 
4 Bev oer 4 ms JE A a ‘ Sa, ; 
ae CA 4 (3,12 
' ; ; . det ae Busco eee ot oie 
anc consider its solution on the serment © = eee Ser ; 
where p* is any real number and € is a positive infinitely 
smait magnitude, Chviously, the sclution to (3,12) are the 


PrnmGtiLoens 


i oe ~ i ‘ 2 Ke a a OMS Lome be * ee pin | eee Pa ae ~$ir> 
ate } =alt-5) , (ope % (63 PAbETHAT 4407) 63,13) 
| oer TG ie a hee | , : 
Let us denote by “* tone €3,;5) with apex at the point 
Mo )omFit- 2) comstructed with the aid of trajectory (3,13) : 
of equation (3,12). By Ko let ua denote the cone (2,55) 
with apex at point %(©,) constructed with the aid of the 
regular portion of the optimal trajectory Mit) traebet, « 
a iat ce ‘ fant ; “ ne \ « 
Cone ji Lics in the tangential surface T/x(r,}) to bound 
a i uote Pe: : « tor rag ne 4 . 
ary < ys at point yy (T, je 
“ Cone * is formed by the veeters 
Fess oN # ra % wk 
Sea OT a a me ‘a 
A; ee ' , 0% i a if ef : oe } y, } C3, La 3 
a 
™, e- . -_# 
where ¢ is defined by formula (3.7). Cone €“ is farmed 
by the vectors 
ye re e 5 $- ; ie we {7 a ay f ~~ ‘ eh a , iS 
Pad IE RM AME) ge ig as €3,15 
, , Se ae ee oe, 
where © is given by formula (2,60), Veetora - Ey ee ow lt] 
gatisfy the conditions: 
either ¢ v7 fryer © nredallh ‘can TS a 
wa eee, oe Fl COA GLE) Seg ME CL ge was 
” 4 3 ma 2€3,16) 
either ey xs iT) a nt + ¢.¢h fs es {7 i.’ a ae 
: 7 “4 i. : 25% “} of Lees Re Fotis 
im other words, the initial displacenents Se EO) lag ts) 
i . per REA 
are either equal to zero or do not come in contact with * 4 
boundary @(y)=t and are dirgeted into region G, 
Pa es ee : eM , 
in the following construction the veetors OPO) 1 le, 
involved in expressions (3,24), €3,15) are saquali to each 
other: 
* . ’ 5 ee 
fe. ye ee ERP a | 
ae “vk P ran Z c 4 : ay 3 
%Oo each set of parameters 
oye ia - | 
‘fe ie a P a ee. y *s oe fe % 
(ee ¢ ‘ “J } : “et ger “. '¥ ; “¢ : , 3 t 4 + 
Bee gee ay f i ro ; RR, OC RICY ' a yO BA Loe LB : | 
there corresponds a pair of points which are the ends cof 
the corresponding varied trajectories - 
ae ee ae “& a 
ye ak re ay ee ere are aan ae 


. : ( ss . ar y, ; ¢ a 19> 
ne — ie As peo vis a : x 
ee Oe! I ee ee 


it d@ weasily seen Cvig, the analogous argument in 
section 2) that with ali of the Sr ace cana changea in tne 
parameters (3,18) and condition (3,17) fulfilied, tare 


pairs Rs 0 
in ~ 4 ‘ ie 
(HT 1+ OT wed) 
1h t 


form a convex cone L lying in the at rect epoauek Yo» X 
with apex at the point (wt), W(Ti})? 


1 =S (mle), WE oF DIT, OR lgetxel), 2.20 


“hae 


jay 


fhe pairs of correaponding ends (3,19) form the game cone L 
ith an acevracy of up te yoda 
 BPurthernorg it ig clear that Zo ig a subcons of 
Tem the direct product of cones Ke K , Since KeTw(t,)), 


m te ae Fe - 
Lede. eh CeCe) pe (8,21) . 
¥Yinally, the foliowing conclusions are aise Gbvious: 


wm, | ‘on ‘ i fm, | 
bs ws K # Xs oe ‘Ls Ky AL , }* ‘ ; {3,22} 


‘war 


where the subcones are aa Vom cate 4 are defined in 
garagraph 1 and paragraph 4 of settion 4. 

Let us denote by S&S the ray energing fron x (GJ ite 
divected along the negative axis “° , We shail show that 
the ray %(t,)-S Lying in the direct product Ke Tmt) te net 
an internal ray of cone L. 

Let us assume the opposite, Then, just ag in section 2&2, 
for any sufficiently small ENG <$it is possibile ts prove” 
the existence of a permissible set of parameters (5,28) 
gatisfying the eondition (3,17}3 such that the pair ef ends 
(3,19) of the corresponding varied trajectories 


~ 


boty gi, i ea, oe ‘ Bs ae wah ft fp 
4 . (tb) 3 C &. 0 & Lom by re : ; y, (ce), © a as (3,23) 
lies on the ray Ki (ej eS and dees not coincide with its ini- 
tial point (HOT), HCE, Ys = 
43 Pe ae / ead ‘aes tb wet FN 7 | 
yi (Care C, ree® y=2K v yt, z tea) mm {e oe oe ( 1,0, 0 OFS {3,243 
vi oe 
From conditions (3,16), lemma 1, and the assumption thet 
the point 4, ) is internal in G, it Poliows that for #uftfiei-g 
ently small é>o trajectory 5 Foe) 0 gb St-T, +6 p* Lies 


: 
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wheity in G: moreover, trajectory y(e) TL C4 TL KEP ties 
in G by construction (see section 2). 

Lat us define the permissibi e control UCC), T+ spe T+ 60 
and the corresponding eeesereeny Att). er tne 46 P of : 
formuia (1,5) by the following : formulas 


w. oy f- rare 
, , 
Net 
Ae. c ) <=. ot b } Ny {- ee fe ‘ ne aff Zz —~ : 
} P > ye £OE Co FS Ly ED 
e se 4) 
where y UW, yijare the varied trajectories vey 23) and ith xf tare 
the corresponding controls, Obviously, funetions W(t), % OE), 
+8 pe reT sep sat tiafy equation (1.5), and, by condition €3.14 
bragectory M(t) - ePPaleU, +é2 is continucus at 
veint t and, ¢onsequentiy, over the entire segment 
T,- ee elev, rep , im addition to this, ascerding to 
(3,24), we have: © 
or Ee. ae ” ‘a _ tea? on a or ? *, oN... } - an . 
Mit - co") = WL), # os rE s = (0 ‘cua 7, KO)... x (tJ) , 


giet the fact that the se eae: 
rajectory wt) ,t, «tC 40, is 


But these inequalities contr 
oe drag. 


(Meer et, of opt 
Likewise optimal. 

fhus, yay BET ae S is an internal ray for cone L. 
From inclusion (3,21) it follows that 


S 3 


Conseguentiy, there exist nedimensional suport surtace 
to L at apex (% (T,) WC) Lying in eS TC } and seearati 
eone L from ray Kft).s “Let us denote the vector which is 
erthegonal to this seasee dies in¥"*!7%,(t)) and is direet- 
ed in the direction of vay #40, 2¢! at (XX pe Wo have 


oo 
o% 


ron «* 


fom, -y fous : | er ; ~ 4 rs ay ct % 
MST san OE De de Ny C1 ea Soe 20? 
x, . ik 
( * is hs Pa 4: aes oe ~ ok - as 
ie a | j ee Poon me ry é % ee "4 s «: on, C Xs - i3, 26) 
a 4 
. fy * 5 = # jy a % a+ 4 % 
where © ¢ are gefined by formulas (3.14), €3,.15) under the 
ondition (3,173, 
Phe vector 


CX ay Ge ye (2,27) 


* * Koy * 
and for this reason the vectors X, ®X% 0 not simultaneously 
FO £6 Zero, 


Let us danote by. 


~ fag i Ys ‘ a L. yaa ed 
WALL ge <3 C Low fp fp oome h ) (3,28) 
: the golutien te ig equation | 
+ 5, ees wt (Ey * 
OR 


which satisfies the boundary condition 


yr (t-T, ye age 


where the functions U*is).*(t) are defined by formula (9,333. 


By 
PS net! a Ot 
v (Sis “eae SG. 
(3,29) 
cet us denote the solution to the equation 
y= — SF wl, 6) 
ie i ~ 
with the boundary condition 
Spee ac, SS 
ped k. 
‘ Using inclusions (3,22) as in paragraph 1 and in seation 2 
we obtain: 3 : Soak 
: =" * F ube V2. : j <m *;S ‘ ‘ i F ? 3 H ee { 
ae wy ft) ‘ (KLE } i fo) j= rf (CLELT), ie ae Be 
i ; «. “~ % Pt i. hes i oe OT ne 
— NA (- y* ft) ye (t)) oe f° 2 uc ee c Peden L 3 J + 
i fait { hfe re anf itfot A Lien ST eeeP 
Lt (# t}, we), u(t}) =. Vii (e) wCt)) 20,0 4 “t..°€3, 396) 


| i 
In addition to the latter equation, the function pte), 


fe C&t aatisiies all conditions of theorem L, with the pogsi-~ 
bie exception of condition bb), since the ues Os C, and, 
consequently the identity prit)e C are not excluded. 


Let 
he {4 ae) ? fe |e f \ vet Flee ~~ ' x 
y a } pea ef pu gos ay A ‘ Seas [- ee < (3. 315 
Obpyvis isiy¥, of fy fe) i+ )} nce a a ye. Pome 
of (w(t wie g-ir, g7@le- oe 
yo (& 5 pete menue cous el $ ( Hy t X } + i J 


HY -fb) ~(F), ul)e mA (op 0) ft) =O 
From inequality €3,87) it follows that at Least 


S 
of the functions #7(t} y*Cjais different from gero. It is rroved 
below that yui7ze at ali times, and that, consequently, 
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ms we 4 
fy 


tisties all the conditions of the Maximum Principle, 
Let us uow prove that either 


ot fur a : ten tk ; e ff mae = J ade J ; ** of on 
7 ? ft. P= \ = ) roae © | yes eee ae : hs re Oe ." s3 . j ol La i pe 
ox | 
ae! oe ae cotiath ¢ fy fomN} 2 © ae 2 
pm oe ae oe aaa se jc Re 
3 
Thereoy the jump conditions wiil be vroved, since 
funetion W(tie .t eT can be taken for function (3,8), 
3 ’ ? 4 vrageey ROY i é 4 
and function B+ (<} weret, for function (3,63, af wtlt}¢e . 


The varied trajectories whase ends are given by for-~ 
wula €3,19) wiki be chosen in the Pollowing manner, 
Let us set 


at | ah | Abi < re , ‘ 
a Py 28 aver tle fj = Li f+ i 


where N ig a random vector not tangential to boundary 

ACD ee! at point x {C) 42nd directed out from region G; vandom« 
acity in the choice ef N is achieved through the appropriate 
selection of function R (see section 2, paragraph 4), 
Finally, control v will be chosen without defining points, 


SG that trajectory She will be constructed cn the basis 


a 


5 rd P . a? es 
Or tne selected ee ee te ae with the 
i i Pe 
aid of the construction uaed in proving iemma L of section 2, 
7 : ™~ z 
For vectors ae: ee according to formulas (3,19), 
we obtain the expressions (see (3,7),¢2,43)): 
\ Sa i 5 7 
¢ ee ome Ra if e f — tine we 4 *. 
aeeene ot) Wig. (3432) 
at + 5 : ‘ Cc 7 . 
Z uv F f te “ f r % Lowe ; ¢ a § wy 
Cm. i A Se a Rt be pat eee 
commen at. an © : ‘ be Jae ey: vonage os oe 
ee ia ae § Ce) ea ace ae 
where 4 F 
whe 7 _ 4 5 | = F f Pe } A * . j 
ae a Po) ys. es Say 4 a 
“A 7 vi on C 
Heree P(e) cee te) tere ee dengtes the 
fundamental system of solutions tO the equation in variations 


for equation (3,12). 


% i fe \ 
By Ylle} pot) let us denote the system of 
functions conjugate te had co ee ee, » We have: 
‘% 
oO 


4 ; 
% “As ar “Sieg ™ fe el ad ” LS t tA, 
pane “K * ‘ eo be ss € ly a ‘sae ; } TN) ge = 
Ree 
2 Oost P ‘, i f a eeccg ey “4 v ‘ y) t 

ee < i f- p (t a t \ e 4 + {t- iy if i % ye a > Gi yA 7 if fas N 
oe? a q fas’ i - mate } — ; F | e 

at: “Boe * pA °NPas ie) 2k Ney () N 

rams ad at tt = 


eonare Pp (0) is the initial vaiue ef function (3.2%). 
evation (3,31) follows: 


YF ae om es 
te ae . 


eS eae ig “foe yt 
| ) aa le (t)eN. (2.93) 
Analogously, the second equation of (3,32) yields: 
v be ., ve oo, ae 
was ry rie! N ahs 4 4 #ft}o VC is f- ly * ©) aoe s ‘e je 
a ey oe wf . t 7 po 4 “. he amie arr t naan + L 
Coe ale ‘oe y MES dirs PTC ON Al) At 
~*., : t op if 7 ‘1 : ; ca . ay os aw, ; . 
where A(t)= -- (t).At) using expression (2,44) for ek ana 
integrating by parts, we obtain? . | MA : 
: a e fry ~ = . 4 oe (x(t) v, 
rave é nai f.\ he, f. ae ¥ Lv fd 
cba - pr@)- N— [vse AO) Se :|| + 
. | Aad 
oY ia ; lu 
fi ‘ "hae & ; een, "5 
me, f rl | n 3 * . f “ 5 g. rap (x ft yy ‘ io . 
+ i; LG ne ™ Ve it } oe Ss a vie ad N- aA % = 
: = 
ar mf . Pes ie x ‘ “wendy 14) 
Sn ‘ ao (H(t) (<a - (yt ved | ii- 
Lt. = “ Ct ae Noe aL (t} mae 2) « N fo. x S& u (% ut Y eats? ‘hoa r , 
ar | : 


Adding this equation to (3,33), and taking inte account 
equation (53,26), we find: : 


ifn ts oe ; fer} 
{ “ ; S ‘é Yi a “Af &. Ly i] t At 
7 ” a y fs ts SA ie \ “f £.. 
p OW Za Hogs: Neat = © 


€2, 34) 
fhe value of 7 


ars wd 
roan be made arbitrarily email with any given WN through the 
geleetion of amall neighborhoods fy. entering into the 
definition of function R, while the firat term of equation 
(3.34) is independent of these neighborhoods, Consequently, 
fer random veetor N which is not tangent to boundary 4{A) * 0 
at point % (&) ang is directed cut from region &, there holds 
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which, due to the sh of vector N, is ghuivalent 
te the aduation 


rie es ae ee ae 
L bw y L£ wytead see Al Le 
ad wb f yg . ' | a Logs. (3,35) 


Vector WY | Cy# C , since from equation ¥ (¢) = C and 
dnequality (3,27) there fellows the inequality wilriZl} 
on the other hand, from (3,35) we cotain the relationship 


1 a Sages ‘4 ‘ i : 
wrocy = ua maeee g (Kale LAF C 


b 


which contradicts the aeaucaes (3,25) 
With Wricv:O we obtain: 


ig ce fro 3 tee 4 ee re & wi Bea? 
“ ere j= a ieee . AA eds = ers » pt - f 


5 - : 
Thus, theorem 2 is proved fer the case where X{C} is 
an internal point in region &, 

Now let wit,} ie on the boundary 9{*)}*°, This cas 
is @asily reduced to the one just considered: it is suffici~ 
ent to define function p,(t) on segment&<te', where CU, <A, 
and then to take point 6 gs to roa ; we thus obtain = 
famiiy of functions Wy, ioe Pars (< for which there exists 
the required Limiting | function yp ~ fo), 7, aca, 

Note 1, If the segment See <<, also belongs 
to the open kernel of region G, the inequality €3,34) 
will be replaced by the inequality 


Cp ed - VTi ve © 


i * = 
whence fullows the equation 
a re in fw er et rl . fn 2 he \ ) = 
w tic ‘a (Tie yartaas (Wt) use, 
j ; : ‘v “nad 7 e 
s mf . 4 : i — “Ne & 
Note 2, If the segment Ait; “a Pe Oy ities on boundary 
ne 2S a . ‘ 
Gimp 9 VEeat cors od (elo) a and (w(t), ufert) pare orthogonal 
and the jump condition yields: 
. t . 
H some fon, : % oh oy oe ot ey ¢ a va ls eee 7 we * bo 
Ww (pees pt teEX) atp (tras cae cea A paler 3, + 
oe . in ‘\ - f « fn 5 rene i a4 +f ~ ‘ fomnw ; o» 
oa Lee (arley aE saa a ~ 4 fy 7. Vile he 


Prom this it follews that if the system ot eae tions with rese 
pect to w: 


~ i ; e. Ff Ss ey *% ’ Lorene : 3 “ ¥ 
ye ee Ck et Ci ee eee 
_ en akg WR Ay iY xs, wae gp PELL EP 


has the single solution 


ot 
ta 


then the vector } : | : er 
Cw) af-Oo) = § futcy alt+o)) 
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7 touches rey ee “(He ) =f at point W{T} 3; in other words, 
the gntimal tra 4eGtory remains emooth at the junction point 
ag (eg. é 
Nete 3, If the optimal trajectory Lies on the piece~ 


wine smooth boundary of xvegion G@ (we have heretofore been 
considering raeion G with a smooth boundary), then the equa 
tions of motion of any segment ef the trajectory Lying 
wheliv on the smooth portion of the boundary have aLiresday 
been pole 4m a@eetion 4, Ags the traqectory passes fron 
one guoeth portion of the boundary to the next, jump con-- 
@itiong aes anailogeus to (3,10), (3,11) are fulfilied. 
Het 4, The jump conditione are also applicable to 
the foglloving optimal proebiem, 
Let the phase space ro be divided inte two parts 
¥,, X- by the hypersurface 4 (wieO, Im part X, , let the 
equation of mation ef the phase point have the form 
, "% =f, Cs ud, | | 
and in A, ~= the form 


4 
fe (% 4) « 

We must select a permissibie control such that the 
phase point pagges form the initial position 66 Xx, ente 
the straight linet? Cc parallel to ree a°, and the coordi- 
mate X©° of the end of the trajectory goes to a minimun. 

The trajectory of motion in each of the parts 
XK, g he Will satisfy the Maxinum Principle, while the jump’ 
condition will be fulfilled at the moment of pesage across 
the boundary af97) +O 

In the derivation of the 4ump condition in the pre=« 
sent case, the initial displacement of the varied trajectory 
must lie strictiy on the boundary 4(W)+C dividing the two 
spaces, Por this reason, the lemmas of paragraph i cannot 
be used ond the proof of seation 3 is applicable oniy if 

net one ie the vyeetors £lO ys uw CC-6), 4 (ney w(t} Oo} touches hyper~ 
; surfae o(%)} * +~C at junction seine K(}, 1 do net know whether 
; the See J condition helids when at Least one sf? these vectors 
touches the boundary a(y)>O dividing the two spaces, 

if we are concérned with & standard variational 
problem, the Known conditions of extremal retraction, As 
an ezanpla, we will new derivs thase conditions for & very 
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simple variational problem. 

Let the plane ¥, ~. be divided by the Line Nik, into 
two parts X , yA: and let there be siven two points tx es X, 
(Xe yeh P We are required to connect these points with a 
continuous piecewise-smooth Line y= 4 Ct) in such & way...) 
that the integral “ , 


‘ius ih 4 ae : : 
3 8 CR yt 3c wy 
oe " 
where Pick 
ea ae ror om . ye 
Be a Wiser ak eel al 
be (x \ ae ( , % pees { f 
as os = ~~ ‘ud we” Bs i ae 
mee a -, ae Ay t are oe A} cS 
and +, 3 are ameoth functions of their arguments, assumes 
a minimum value. 
Let us intreduce the definitions: 
a } 
xa (er . PY ee ee 
He (Ey Ide » HI H, Le, 4 
ae a 
The repion of are values for the control is the 


open set of a numerical straight line. The Maximum Principle 
is written down in the following manner (it is easy to shew 
that W,# C and consequently that it is possible to set 


fe 
i. 2 oe i}: ‘ 
7 i H >, yf tf =, 
x, if. es b Ly wl og 4 - ; 4 c 
, . 4% 
a ~~ ub 
_w f = i yo AEE 2 
} & « 
| 
Fy x Ede - 
wen Lae “ F pate 
x os b oo 
ft 4 * 
poe ot / sae a ed? es ane Cee, ihe 
He —Play ue Git Peal = mox sc. 


The conditions H = max and H= O give, respectively: 


. eS Ke. ee 
6 b. t ac | G is } 
pitt, , prern~Zea', 
5; 4 "e 4 2 { 
¥rom the fump condition ase ie os \there follows: 
J Bp a Y Fa se tA ae rad 2 74 OY ‘4 . = 1 ee 
bis aot Fie Ot. J ", oe 
vy saae ars ia Se Siuicea de ceca f a 3 om . ar eae . K 
4 i “eu i} i ae ea ae | iM Na + iA Ny! 
, pe. =) ae 4 Owe og é J 
} Fr. oF be se 1 
V. Comoe rene ed ape 5A A 
CG hy! dail / } 


where cnt nN? ) 1s the normal vector to the Line 60,4) at 
the point of fracture of the trajectory, Let us denote by 
Y' the angle of declination of the tangent to the curve 


a4 


A 
i at. ae 
ae wea a 4 
ee oy es 
on ra 4 TRS NRT mae sate 6 rh pene + ate tO ee Yatton ae ony — act dens le 
” % pee F om a 
Men ale es a i | +)! ¥« 
a te ™ 4, eee (4 a 
| Gye! 4 Asa! 
z 4 
whence we obtain the known formula (soe ref, 1LO?: 
Cao ; 
ors aC | is 
fe an Q f ,, 3 ee Ge ak) 
Crs Pp ts: (urd )s  * an fiat } 
< Soa sere actonn le 4 t Aaa } an a 4 
i oF \ ee a on, ee rae 
o¥ me | Y Cj 


4, Genere] Principle for Determinine Gptinal 
Pea jectories 


‘OBE ARLRE Hacighas to and 2 and the Haximum Principle, 

We era at the following theorem, which gives thy full 
aystem of necessary conditions te be satisfied by any rea- 
gular optimal trajectory that is «4 solution of the optimal 
preblem in see¢tion i, 

Theorem 3, Let the optimal tradectery of euyuation 
(1,5) Lie entirely in the closed region G and ree cae 
finite number of junction pointe: furthermere, Let any ves 
tion ef thie trajectory Aving en the boundary of ragion & 
be regular, Then any portion ef the trajectory living in the 
eper kernel of region G €wlith the neseiblie GxC@pticon of the 
ends of the trajectory) aatisfies the Maximum Princicd 
of Lis sertiens which Lia on the boundary of regien @ 


Satiaiy theorem Ll; the gump condition (theorem 2) is fule 
Piiieé at every junction point, 
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